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In this article, we prove two results. First, we construct a dense subset in
the space of polynomial foliations of degree n such that each foliation from
this subset has a leaf with at least
(n+1)(n+2)
2 − 4 handles. Next, we prove
that for a generic foliation invariant under the map (x, y)↦ (x,−y) all leaves
(except for a finite set of algebraic leaves) have infinitely many handles.
1. Introduction
Consider a polynomial differential equation in C2 (with complex time),
x˙ = P (x, y),
y˙ = Q(x, y), (1)
where max(degP,degQ) = n. The splitting of C2 into trajectories of this vector field
defines a singular analytic foliation of C2.
Denote by An the space of foliations of C2 defined by vector fields (1) of degree at
most n with coprime P and Q. Denote by Bn the space of foliations of CP 2 defined by
a polynomial vector field (1) of degree at most n in each affine chart. It is easy to show
that An ⊂ Bn+1 ⊂ An+1.
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1. Introduction Genera of non-algebraic leaves
More geometrically, Bn can be defined as the space of foliations of CP 2 of projective
degree n, and An ∖ Bn ⊂ Bn+1 as the set of foliations of projective degree n + 1 tangent
to the line at infinity, see e.g. [7, Sec. 25A] for details.
Numerous studies in this field are devoted to the properties of generic foliations fromAn and Bn, see [21] for a survey. In particular, the leaves of a generic foliation F ∈ An,
n ≥ 2, are dense in C2, see [6, 9, 22]; see also [12, 13] for similar results about locally
generic foliations F ∈ Bn, n ≥ 3. Another classical question concerns degree and genus
of an algebraic leaf of a polynomial foliation, see [11]. We study genera of non-algebraic
leaves.
For a generic analytic foliation, the question about the topology of a leaf was studied
by T. Firsova and T. Golenishcheva–Kutuzova.
Theorem (see [1, 2]). Among leaves of a generic analytic foliation, countably many are
topological cylinders, and the rest are topological discs.
For a generic polynomial foliation, the analogous result is not known. The fact that
almost all leaves are topological discs would follow from Anosov conjecture on identical
cycles.
Definition 1. Let L be a leaf of F . A non-trivial free homotopy class [γ], γ ∶ S1 → L,
is called an identical cycle if the holonomy along any of its representatives γ is identical,
and is called a complex limit cycle otherwise.
The holonomy maps along different representatives are conjugate, so it is not impor-
tant which representative we choose.
Conjecture 1 (D. Anosov). A generic polynomial foliation has no identical cycles.
In Sec. 3, we give a partial answer to the question: “What topological structures of
the leaves can arise in a dense subset of An?”. Namely, we prove the following theorem.
Theorem 1. For each n ≥ 2, the set of polynomial foliations having a leaf with at least(n+1)(n+2)
2 − 4 handles is dense in An.
The statement of this theorem is inspired by the following theorem due to D. Volk
[24].
Theorem 2 (Density of foliations with separatrix connections). For each n ≥ 2, the set
of polynomial foliations having a separatrix connection is dense in An.
We also prove a refined version of Volk’s theorem, see Sec. 2.7, and use it to prove
Theorem 1.
In Sec. 4, we obtain the following result:
Theorem 3. Let Asymn (resp., Bsymn ) be the subspace of An (resp., Bn) given by
P (x,−y) = −P (x, y), Q(x,−y) = Q(x, y). (2)
Take n ≥ 2. For any foliation F from some open dense subset of Asymn (resp., Bsymn+1 ),
all leaves of F (except for a finite set of algebraic leaves) have infinite genus.
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There are some unpublished earlier results in this direction. For generic homogeneous
vector fields, almost all leaves have infinite genus; the proof is due to Yu. Ilyashenko,
but it was never written down. We write it in Appendix A.
In the unpublished version of his thesis, V. Moldavskis [14] proves that for a generic
vector field of degree n ≥ 5 with real coefficients and the symmetry (2) each leaf has
infinitely-generated first homology group. However this is only a draft text, so the proof
lacks some details and has some gaps.
2. Preliminaries
In this section we shall recall some results and introduce required notions and nota-
tion. In some cases we formulate refined versions of earlier results or provide explicit
constructions.
2.1. Genus of a leaf
A leaf L of a foliation is a (usually non-compact) Riemann surface. Since it is not
necessarily homeomorphic to a sphere with finitely many handles and holes, we shall
provide a definition of its genus.
Definition 2. A Riemann surface L has at least g handles, if it includes g pairwise
disjoint handles, i. e., subsets homeomorphic to the punctured torus. We say that L has
an infinite genus, if it has at least g handles for all natural g.
Suppose that there exist g pairs of closed loops (c1, c2), (c3, c4), . . . , (c2g−1, c2g) on L,
such that c2j−1 and c2j intersect transversally at exactly one point, and the loops from
different pairs are disjoint. Then a small neighborhood of each pair of cycles (c2j−1, c2j)
is homeomorphic to a punctured torus, hence L has at least g handles. We shall say
that each pair (c2j−1, c2j) generates a handle.
2.2. Extension to infinity
Let us extend a polynomial foliation F ∈ An given by (1) to CP 2. To this end, make
the coordinate change u = 1x , v = yx , and the time change dτ = −un−1dt. The vector field
takes the form
u˙ = uP˜ (u, v)
v˙ = vP˜ (u, v) − Q˜(u, v) (3)
where P˜ (u, v) = P ( 1u , vu)un and Q˜(u, v) = Q ( 1u , vu)un are two polynomials of degree at
most n.
Since u˙(0, v) ≡ 0, the line at infinity {u = 0} is invariant under this vector field. Denote
by h(v) the polynomial v˙(0, v) = vP˜ (0, v) − Q˜(0, v). There are two cases.
3
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Dicritical case, h(v) ≡ 0. In this case (3) vanishes identically on {u = 0}. Thus it is
natural to consider the time change dτ = −undt instead of dτ = −un−1dt, and study
the vector field
u˙ = P˜ (u, v)
v˙ = vP˜ (u, v) − Q˜(u, v)
u
whose trajectories are almost everywhere transverse to the line at infinity. This
case corresponds to Bn ⊂ An.
Non-dicritical case, h(v) ≢ 0. In this case (3) has isolated singular points aj ∈ {u = 0}
at the roots of h, and L∞ = {u = 0} ∖ {a1, a2, . . .} is a leaf of the extension of F
to CP 2. Making the coordinate change (xy , 1y), one can easily check that the only
point of CP 2 not covered by the affine charts (x, y) and (u, v) is a singular point
of the extension of F to CP 2 if and only if degh < n + 1.
Denote by A′n the set of foliations F ∈ An such that h has degree n + 1, and n + 1
distinct roots aj , j = 1, . . . , n + 1. In particular, all these foliations are non-dicritical.
Two vector fields define the same foliation F ∈ A′n, if they are proportional, hence A′n
is a Zariski open subset of the projective space of dimension1 (n + 1)(n + 2) − 1. A′n is
equipped with a natural topology induced from this projective space.
For each j, let λj be the ratio of the eigenvalues of the linearization of (3) at aj (the
eigenvalue corresponding to L∞ is in the denominator). Note that λj = P˜ (0,aj)h′(aj) , hence
P˜ (0, v)
h(v) = n+1∑j=1 λjv − aj . (4)
Since P˜ (0, v) and h(v) have the same leading coefficient, ∑λj = 1.
Remark 1. Any (n + 1)-tuple of pairs (aj , λj) with pairwise distinct aj and ∑λj = 1
corresponds to a foliation F ∈ A′n. Indeed, it is enough to take P˜ (0, v) and h(v) to be
the numerator and the denominator of the right hand side in (4), then put Q˜(0, v) =
vP˜ (0, v) − h(v). This uniquely defines the homogeneous components of P and Q of
degree n, and one can arbitrarily choose homogeneous components of lower degrees.
2.3. Monodromy group
For F ∈ A′n, fix a non-singular point O ∈ L∞ and a cross-section S at O given by
v = const. Let ΩL∞ be the loop space of (L∞,O), i. e., the space of all continuous
maps (S1, pt) → (L∞,O). For a loop γ ∈ ΩL∞, denote by Mγ ∶ (S,O) → (S,O) (a germ
of) the monodromy map along γ. It is easy to see that Mγ depends only on the class[γ] ∈ pi1(L∞,O), and the map γ ↦Mγ reverses the order of multiplication,
1From now on, “dimension” means “complex dimension”.
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Mαβ = Mβ ○Mα.
The set of all possible monodromy maps Mγ , γ ∈ ΩL∞, is called the monodromy
pseudogroup G = G(F). The word “pseudogroup” means that there is no common
domain where all elements of G are defined. We shall deal with domains of various
elements of this pseudogroup, so it is not enough to deal with the corresponding group
of germs of the monodromy maps. Nevertheless, we will follow the tradition and write
“monodromy group” instead of “monodromy pseudogroup”.
Remark 2. The construction of monodromy group heavily relies on the fact that the line
at infinity is an algebraic leaf of F . Since a generic foliation from Bn has no algebraic
leaves, this construction does not work for foliations from Bn. This is why the analogues
of many results on An are not proved for Bn. Some analogues are proved for locally
generic subsets of Bn, namely for foliations close to An [12], or to foliations with a
rational first integral [13]. See also Remark 6 below.
Choose n+1 loops γj ∈ ΩL∞, j = 1,2, . . . , n+1, surrounding the points aj , respectively.
Then the pseudogroup G(F) is generated by the monodromy maps Mj = Mγj . It is
easy to see that the multipliers µj = M′j(0) are equal to exp 2piiλj . Recall that ∑λj = 1,
hence, ∏µj = 1.
Many theorems about properties generic foliations F ∈ An require all singular points
of a generic foliation to be complex hyperbolic in the following sense.
Definition 3. We say that a singular point of a holomorphic vector field is complex
hyperbolic, if the linearization of the vector field at this point has two eigenvalues, and
their ratio is not a real number.
2.4. Rigidity of polynomial foliations
A generic foliation of R2 is structurally stable. More precisely, in the space of smooth
vector fields on an orientable 2-dimensional manifold, there exists an open dense subset
such that each vector field from this subset is topologically conjugate to all vector fields
sufficiently C1-close to it, see [16, Theorem 1, 17]. One can easily check that a generic
polynomial foliation of R2 belongs to this open dense set.
For a generic polynomial foliation of C2, we have the opposite property, called rigidity ;
informally, a foliation sufficiently close to F is topologically conjugate to it only if it is
affine conjugate to F . There are a few theorems formalizing this notion, see [3, 6, 15,
18, 22]. We shall need one of them.
Fix a foliation F˜ ∈ A′n. Choose O, S, and γj as in Sec. 2.3. Fix a neighborhood U ,F˜ ∈ U ⊂ A′n, such that for foliations F ∈ U , their singular points at infinity are close to
those of F˜ , hence the loops γj still surround these points. Following [7, Sec. 28E1], we
say that F ∈ U belongs to
Isohol(F˜), if there exists a germ of a homeomorphism h ∶ (S,O)→ (S,O) conjugating
each Mj(F) to Mj(F˜);
5
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Topo(F˜), if there exists a homeomorphism H ∶ CP 2 → CP 2 sending the leaves of F to
the leaves of F˜ , the line at infinity to itself, and each γj to a curve homotopic to
γj in pi1(L∞,O).
Aff(F˜), if it is affine equivalent to F˜ .
For the germs of these three sets at each point F˜ ∈ A′n, it is easy to see that(Isohol(F˜), F˜) ⊇ (Topo(F˜), F˜) ⊇ (Aff(F˜), F˜),
see [7, Sec. 28E1] for details.
Theorem 4 (see [7, Theorem 28.41]). There exists an open dense subset ARn ⊂ A′n such
that for each F˜ ∈ ARn , we have(Isohol(F˜), F˜) = (Topo(F˜), F˜) = (Aff(F˜), F˜). (5)
The exceptional set An ∖ARn is included by a union of a real algebraic subset Σn, and a
real analytic subset Σ′n of real codimension at least 2.
The book [7] includes a detailed proof of [7, Theorem 28.32] which is a weaker version
of this theorem, with larger exceptional set; for Theorem 28.41, the authors say that the
proof is analogous but requires a stronger result on rigidity of groups of germs (C,0)→(C,0). The authors refer to Shcherbakov, see the original article [22] or a survey [21], for
this stronger result. An even stronger version of this group rigidity theorem was proved
by Nakai in [15, Theorems 4 and 5.1].
Remark 3. Formally, Theorem 28.41 differs from the result stated above. Namely, it
claims reasonable rigidity of F˜ , see [7, Definition 28.30], i.e. only the right equality
in (5). However, in the text surrounding the statement of Theorem 28.32, the authors
also claim (5), and actually prove it later.
2.5. Non-commutativity of monodromy groups
As a lemma for the stronger version of the Rigidity Theorem, Shcherbakov proves that
a foliation F ∈ A′n ∖ Σn has a non-commutative unsolvable monodromy group, see [22,
Propositions 8 and 9, 21, Theorem 9]. Here Σn is a union of countably many complex
algebraic subsets; it is included by a real algebraic subset, cf. Theorem 4.
Let ANCn ⊃ A′n∖Σn be the set of foliations having non-commutative monodromy group
at infinity. Near each foliation F ∈ A′n, ANCn is the complement to the intersection of
the analytic subsets ACn,i,j given by Mi ○Mj = Mj ○Mi. These subsets depend on the
way we enumerate the singular points aj , and on the choice of the loops γj . Since the
intersection of these analytic subsets is nowhere dense, at least one of them has positive
codimension. In fact, this implies that all of them have positive codimension.
Indeed, consider two subsets, ACn,1,2 and ACn,i,j . Choose an orientation preserving
homeomorphism of the sphere that sends the set of singular points al to itself, O to O,
a1 to ai, a2 to aj , and the homotopic classes of γ1, γ2 to the homotopic classes of γi, γj ,
6
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respectively. Fix an isotopy Ht of the sphere joining identity to this homeomorphism
such that Ht(O) ≡ O. Let al(t) =Ht(al) be the trajectories of the singular points under
this homotopy. Due to Remark 1, there exists a curve Ft in A′n, F0 = F , such that{al(t) } are the singular points of Ft, their characteristic numbers are λl, and their
homogeneous components of lower degrees coincide with those of F . Then F1 = F , but
this isotopy sends M1 and M2 to Mi and Mj , respectively. Hence, ACn,1,2 and ACn,i,j
have the same dimension. Thus all ACn,i,j have positive codimension.
Corollary 1. There exists an open dense subset of A′n such that for each F from this
subset none of Mi, Mj commute.
More precisely, let U ⊂ A′n be an open subset such that we can choose O and γj
independently on F ∈ U . Then for F ∈ U off some analytic subset of positive codimension,
none of Mi, Mj commute.
2.6. Infinite number of limit cycles
The notion of a complex limit cycle, see Definition 1, generalizes the notion of a limit
cycle of a foliation of R2. Note that each isolated fixed point w of some monodromy map
Mγ ∈ G gives us a limit cycle, namely we can take the lifting of the loop γ that starts
at w.
Definition 4. A set of limit cycles of a foliation is called homologically independent, if
for any leaf L all the cycles located in this leaf are linearly independent in H1(L).
It turns out that a generic foliation F ∈ An, n ≥ 2, possesses countably many homo-
logically independent limit cycles. This was proved in [6] for a full measure subset ofAn, n ≥ 2, then in [23] for an open dense subset of An, n ≥ 3. Recently, we proved this
statement for an open dense subset of An, n ≥ 2, and for its open neighborhood in Bn+1,
see [4, 5].
The proofs in [4, 6, 23] rely on the fact that for a generic foliation F ∈ An, the fixed
points of the elements of the monodromy pseudogroup are dense in a small neighborhood
of the origin. Each of the fixed points corresponds to a limit cycle; the proof of their
homological independence is not trivial.
We provide a refined version of Ilyashenko’s lemma [6, Lemma 3*].
Lemma 1. Suppose that two monodromy maps M1 and M2 do not commute, and their
multipliers satisfy
• 0 < ∣µ1∣ < 1, ∣µ2∣ > 1;
• the multiplicative semigroup generated by µ1 and µ2 is dense in C∗.
Then the set of hyperbolic fixed points of compositions of the form M−s1 Mt2Mr+s1 M2,
r, s, t ∈ N, is dense in a small neighborhood of the origin.
7
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Though the statement of [6, Lemma 3*] slightly differs from Lemma 1, Ilyashenko’s
proof actually implies this lemma. Nevertheless, we shall provide the proof, both for
completeness, and because we shall need a refined version of an auxiliary lemma, see
Corollary 2 below. See also [24, Lemmas 3 and 4].
Since 0 < ∣µ1∣ < 1, we can linearize M1 in a small neighborhood of the origin, see [10,
19, 20]. We shall work in this linearizing chart. The next lemma and its corollary show
that we can choose r, s, t ∈ N so that M−s1 Mt2Mr+s1 approximates any prescribed linear
map.
Lemma 2. Consider an analytic map g ∶ U → U , g(0) = 0, defined in a neighborhood U
of the origin, and a complex number µ, 0 < ∣µ∣ < 1. Then µ−sg(µsz), s ∈ N, converges to
g′(0)z uniformly in z on any disc ∣z∣ ≤ R as s→∞. Moreover, if g analytically depends
on a parameter ε ∈ V ⊂ Cn then the convergence above is uniform in ε on compact sets.
Proof. Consider a family of maps gε ∶ U → U , gε(0) = 0, ε ∈K ⊂ Cn, K is a compact set.
Put zs = µsz, then for ∣z∣ ≤ R we have
∣µ−sgε(µsz) − g′ε(0)z∣ = ∣z∣ ⋅ ∣gε(zs)zs − g′ε(0)∣ ≤ R ∣gε(zs)zs − g′ε(0)∣ .
Since gε(z) is analytic both in z and ε, the latter fraction tends to 0 as zs → 0 uniformly
in ε ∈K.
Corollary 2. Let g ∶ (C,0) → (C,0) be an expanding analytic germ, ∣g′(0)∣ > 1. Let µ,∣µ∣ < 1, be a number such that the multiplicative semigroup generated by µ and g′(0) is
dense in C∗. Then for each ν ∈ C∗ and R > 0, the linear map z ↦ νz can be uniformly
approximated in the disc ∣z∣ ≤ R by a map of the form z ↦ µ−sgt(µr+sz), r, s, t ∈ N.
If g analytically depends on a parameter ε ∈ V ⊂ Cn so that g′(0) = const, then the
approximation can be made uniform in ε on any compact subset K ⊂ V .
Proof. Since the multiplicative semigroup generated by µ and g′(0) is dense in C∗, we
can choose t, r ∈ N such that g′(0)tµr is very close to ν. Then Lemma 2 applied to the
map z ↦ gt(µrz) completes the proof.
Proof of Lemma 1. As we mentioned above, we will work in a linearizing chart for M1.
Choose a disc DR = { z ∣ ∣z∣ ≤ R } in the domain of M1, and consider an open subset
U ⊂DR. Let us find r, s, t ∈ N such that the map M−s1 Mt2Mr+s1 M2 has a hyperbolic fixed
point in U .
Fix a point w ∈ U , and consider the map h given by h(z) = wM2(w)M2(z). Clearly, w
is a fixed point of h, and h′(w) = wM2(w)M′2(w). Note that we can choose w ∈ U so that∣h′(w)∣ ≠ 1. Indeed, otherwise ∣ wM2(w)M′2(w)∣ ≡ 1 in U , hence M′2(w) = Cw−1M2(w),
where C is a constant with ∣C ∣ = 1. Thus M2(w) = C1wC . Since M2 is holomorphic at
the origin, we have C = 1 and M2(w) = C1w, which contradicts M1 ○M2 ≠ M2 ○M1.
So, we have w ∈ U , h(w) = w, ∣h′(w)∣ ≠ 1. Recall that in our chart M1(z) = µ1z,
hence Corollary 2 provides us with r, s, t ∈ N such that the map M−s1 Mt2Mr+s1 uniformly
approximates the linear map z ↦ wM2(w)z in DR ⊃ U . Thus the map M−s1 Mt2Mr+s1 M2
approximates h, hence it has a hyperbolic fixed point near w.
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2.7. Volk’s Theorem
2.7.1. Statement of the theorem
In [24] D. Volk proves that foliations with separatrix connections are dense in An. Ac-
tually, his arguments work in a more general setting.
Theorem 5. Let F˜ be a polynomial foliation of degree n ≥ 2. Let A,B be holomorphic
maps of a neighborhood of F˜ in An to C2 such that A(F˜) and B(F˜) are non-singular
points of F˜ . Then there exists F arbitrarily close to F˜ such that the points A(F) and
B(F) belong to the same leaf of F .
The original Volk’s Theorem follows from this theorem if A(F) and B(F) belong to
separatrices of two different singular points of F . However, we shall need a more precise
statement.
Take a compact analytic submanifold M ⊂ ARn with boundary. Suppose that
• dimM > dim Aff(C2) = 6;
• µ1 = const and µ2 = const on M;
• ∣µ1∣ < 1 and ∣µ2∣ < 1;
• the multiplicative semigroup generated by µ1 and µ−12 is dense in C∗.
Fix a foliation F˜ ∈ M ∖ ∂M, its non-singular point O ∈ L∞, and a cross-section
S = { v = const}, S ∩ L∞ = {O }. Let zF ∶ (S,O) → (C,0) be a linearizing chart for M1
analytically depending on F . In the rest of this section, Mj , A(F), B(F) etc. are written
in the corresponding chart zF . Denote by M˜j the j-th generator of G(F˜) written in zF˜ .
In particular, M1(z) = µ1z, M˜1(z˜) = µ1z˜. Let us rescale zF , choose its representative,
and diminish S and M so that for all F ∈ M, S is in the domain of zF , and zF(S)
includes the unit disc.
Let A,B ∶ M → S be two holomorphic functions such that 0 < ∣A(F˜)∣ < 1 and 0 <∣B(F˜)∣ < 1.
Theorem 6. In the setting introduced above, for any ε > 0 there exist a neighborhood U ,F˜ ∈ U ⊂M, and a loop γ ∈ ΩL∞ such that for F ∈ U we have
• A(F) belongs to the domain of Mγ;
• Mγ(A(F)) = B(F) defines a non-empty submanifold of codimension one;
• the derivative M′γ(A(F)) is ε-close to B(F˜)A(F˜) .
The loop γ can be constructed as the concatenation γ = αβ of the following loops. There
exists an index i such that for each sufficiently large p we can choose either α = γp1γi or
α = γp1 . After α is fixed, there exists a triple of arbitrarily large numbers (r, s, t) ∈ N3
such that we can take β = γr+s1 γ−t2 γ−s1 .
9
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Remark 4. The most important part of this theorem is the second assertion. We include
technical details like the estimate on M′γ(A(F)) and the explicit construction of γ,
because we will need them later in Sec. 3.
Theorem 5 follows from Theorem 6, and density of the leaves of a generic foliationF ∈ An.
The rest of this section is devoted to the proof of Theorem 6. First, we shall prove it
in a particular case, if the ratio
B(F)
A(F) is a non-constant function of F . This case with
γ = β instead of γ = αβ easily follows from Corollary 2, see Lemma 3 below.
Next, we shall choose α such that
B(F)
Mα(A(F)) is a non-constant function of F , and
use Mα(A(F)) as A(F) in Lemma 3. The choice of α heavily relies on the Rigidity
Theorem 4, see Lemma 4 below.
2.7.2. Proof in a particular case
Lemma 3. In the setting of Theorem 6, suppose that the ratio
B(F)
A(F) , F ∈ (M, F˜), is
a non-constant function of F . Then the assertions of Theorem 6 hold for γ = β instead
of γ = αβ.
Proof. Put ξ = B(F˜)
A(F˜) , then the equality B(F) = ξA(F) defines a non-empty codimension
one analytic submanifold of M.
Approximate the linear map z ↦ ξz by a map of the form Mβ = M−s1 M−t2 Mr+s1 ,
see Corollary 2. This approximation is uniform in F ∈M. For F sufficiently close to F˜ ,
A(F) belongs to the domain of Mβ, and Mβ(A(F)) = B(F) defines a codimension-one
nonempty submanifold.
Finally, due to the Cauchy estimates, Mβ approximates the multiplication by ξ in C
ω
topology, hence M′β(A(F)) is close to ξ.
2.7.3. Reduction to the particular case
Lemma 4. In the setting of Theorem 6, we can find an index i such that for each
sufficiently large p either for α = γp1γi or for α = γp1 ,
• A(F) belongs to the domain of Mα for all F ∈M;
• the ratio
B(F)
Mα(A(F)) is a non-constant function of F ∈M;
• the ratio M′α(A(F)) ÷ Mα(A(F))A(F) tends to 1 uniformly in F ∈M.
Remark 5. Lemma 4 is a refined version of the union of [24, Lemmas 6 and 7]. The
proof of [24, Lemma 6] deals separately with n ≥ 3 and n = 2; unfortunately, the proof
for the case n = 2 has a gap. We give another proof which works for all n ≥ 2.
Proof of Lemma 4. Let us prove the assertions one by one.
10
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Domains of definition. Recall that ∣A(F)∣ < 1 and ∣µ1∣ < 1, hence A(F) belongs to the
domain of Mp1 for all p, and ∣Mp1(A(F))∣ < µp1 → 0 as p → ∞. Therefore, for p large
enough, Mp1(A(F)) belongs to the domains of all maps Mj . So, A(F) belongs to the
domains of all the maps of the form Mp1 and Mj ○Mp1.
Non-constant ratio. Note that
Mγp1γi(A(F))
Mγp1 (A(F)) = B(F)Mγp1 (A(F)) ÷ B(F)Mγp1γi(A(F)) ,
hence it is enough to prove that the left hand side is a non-constant function of F for p
large enough. Put Ap(F) = Mγp1 (A(F)) = µp1A(F), then Ap(F)→ 0 as p→∞, and
Mγp1γi(A(F))
Mγp1 (A(F)) = Mi(Ap(F))Ap(F) .
From now on, let F ∈M be a foliation close to F˜ that we will choose later. Then it
is enough to find F ∈M and i such that
M˜i(Ap(F˜))
Ap(F˜) ≠ Mi(Ap(F))Ap(F) ,
or equivalently
M˜i (A(F˜)
A(F)Ap(F)) ≠ A(F˜)A(F)Mi(Ap(F)).
Since Ap(F) → 0 as p → ∞, it is enough to find F ∈ M close to F˜ such that the map
given by z ↦ A(F˜)A(F)z in the charts (zF , zF˜) does not conjugate G(F) to G(F˜). Due to
Theorem 4, this holds for any F ∈ (M, F˜) which is not affine equivalent to F˜ . Recall
that dimM > dim Aff(C2), hence such F exists.
Estimate on the derivative. If α = γp1 , then the ratio M′α(A(F))÷ Mα(A(F))A(F) equals
one. Let us consider the remaining case α = γp1γi. In this case
M′α(A(F)) ÷ Mα(A(F))A(F) = M′i(Ap(F)) ÷ Mi(Ap(F))Ap(F) .
Note that both M′i(z) and Mi(z)z tend to M′i(0) as z → 0 uniformly in F , hence the right
hand side of the equality above tends to one as p→∞ uniformly in F ∈M.
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2.7.4. Deducing Theorem 6 from the lemmas
Proof of Theorem 6. Choose α as in Lemma 4, then choose a neighborhood U , F˜ ∈U ⊂ M, such that Mα(A(F))
A(F) ≈ M˜α(A(F˜))A(F˜) for F ∈ U . Then the ratio M′α(A(F)) ÷
M˜α(A(F˜))
A(F˜) is close to 1 for F ∈ U .
Apply Lemma 3 to Mα○A, B and U instead of A, B and M. Then the resulting curves
α, β satisfy the assertions of Theorem 6 in the new domain U provided by Lemma 3.
For the first two assertion this is clear, and the last one immediately follows from the
chain rule,
M′γ(A(F)) = M′β(Mα(A(F)))M′α(A(F)) ≈ B(F˜)
M˜α(A(F˜)) × M˜α(A(F˜))A(F˜) = B(F˜)A(F˜) .
2.8. Intersections with lines
In the proof of Theorem 3 in Sec. 4, we shall need to prove that a generic leaf of a generic
foliation from Asymn or Bsymn intersects the line y = 0 in infinitely many points. The proof
will be based on the following two statements. First, we use a theorem due to Jouanolou
to estimate the number of algebraic leaves.
Theorem 7 ([8, Theore´me 3.3, p. 102]). If a polynomial foliation F ∈ Bn has at least
1
2n(n − 1) + 2 algebraic irreducible invariant curves, then it has a rational first integral.
Then we prove that a non-algebraic leaf intersects a generic line in infinitely many
points.
Lemma 5. Consider a polynomial foliation F of CP 2, a non-algebraic leaf L and a line
T ⊂ CP 2 not passing through singular points of F . Then #(L ∩ T ) =∞.
The proof is completely analogous to the proof of [7, Lemma 28.10]. This lemma
states that a non-algebraic leaf of a foliation F ∈ A′n cannot approach the line at infinity
only along the separatrices of singular points. However, we repeat the proof here for
completeness.
Proof. Suppose the contrary, i. e. L is not algebraic and #(L∩T ) <∞. Since T contains
no singular points of F , T is not a leaf of F , and the number of intersections #(L ∩ T )
counted with multiplicities is locally a constant. After a small perturbation of T , we
may and will assume that all intersections of L and T are transverse.
Make a projective coordinate change such that T is mapped to the line at infinity{u = 0}, and the point v = ∞ of the line at infinity does not belong to L. It is easy to
show that L cannot be bounded, hence it must intersect {u = 0} in at least one point.
Suppose that the leaf L is given by y = ϕj(x), j = 1,2, . . . , k, x ∈ (C,∞), in neighbor-
hoods of k points of L∩T . Note that each ϕj has a linear growth at infinity. Consider the
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product∏kj=1(y−ϕj(x)); this is a polynomial in y, with symmetric functions σ1 = ∑kj=1ϕj ,
σ2 = ∑1≤j<l≤k ϕjϕl, . . . , σk =∏kj=1ϕj as coefficients.
Let Pi be projections of finite singularities of F to x-plane. It is possible to extend
σj holomorphically to C ∖ {P1, . . .} by the symmetric combinations of intersections L ∩{x = c}, with multiplicities. Indeed, the number of these intersections stays locally the
same, thus equals k for any c. The intersections depend holomorphically on c and stay
bounded, otherwise the leaf L would approach the line at infinity along x = const, hence
the point v =∞, u = 0 would belong to L.
Since σj are bounded in any compact, Pi are removable singularities of σj .
So, the symmetric combinations of ϕj extend holomorphically to C and have a poly-
nomial growth at infinity. Thus they are polynomials in x, and the function F =∏kj=1(y − ϕj(x)) is a polynomial in x, y. Hence F = 0 is a polynomial equation defin-
ing the leaf L, and L is algebraic. The contradiction shows that #(L ∩ T ) = ∞ for
a non-algebraic L.
3. A leaf with many handles
In this section we shall prove Theorem 1.
Consider an open subset U ⊂ An. Shrinking U if necessary, we may and will assume
that
• U ⊂ ARn (due to Theorem 4, ARn is open and dense);
• Iλj(F) ≠ 0 for F ∈ U and j = 1, . . . , n + 1;
• one can enumerate the singular points a1, . . . , an+1 at the line at infinity so that ai
depend analytically on F ∈ U ;
• ranges of ai(U) are small enough so that we can and shall fix a point O and paths
γi as in Sec. 2.4 independently on F ∈ U ;
• for F ∈ U , none of µi belongs to the unit circle.
• Mi ○Mj ≠ Mj ○Mi for F ∈ U and i ≠ j (due to Corollary 1).
Note that passing to the complex conjugate coordinates (x, y) in C2 replaces all ∣µj ∣ =∣ exp(2piiλj)∣ = exp(−2piIλj) by exp(−2piI(λj)) = ∣µj ∣−1. Therefore, we can assume that
at least two of ∣µj ∣ are less than one (otherwise we just pass to the conjugate coordinates).
Recall that ∏µj = 1, hence at least one of ∣µj ∣ is greater than one. Let us reenumerate
the singularities at the line at infinity so that the multipliers satisfy
• ∣µ1∣ < 1, ∣µ2∣ > 1 and ∣µ3∣ < 1.
Let M0 ⊂ U be a non-empty submanifold given by µ1 = const, µ2 = const and µ3 =
const. Slightly perturbing constants in these equations, assume that for F ∈M0,
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• the multiplicative semigroup generated by µ1 and µ2 is dense in C∗;
• the multiplicative semigroup generated by µ−11 and µ3 is dense in C∗.
For n = 2, codimM0 = 2: the equations µ1 = const, µ2 = const imply that µ3 = const
since µ1µ2µ3 = 1. For n ≥ 3, codimM0 = 3. The following lemma is a key step in the
proof of Theorem 1.
Lemma 6. Let M0 and µi, i = 1,2,3 be as above. Let M ⊂M0 be an analytic subman-
ifold of dimension at least 7. Then for any ε > 0 there exists a submanifold M′ ⊂M of
codimension one such that each F ∈M′ has a leaf with a handle ε-close to L∞.
More precisely, for F ∈M′ there exist two curves γ(1), γ(2) ⊂ L∞ such that Mγ(1) and
Mγ(2) have a common hyperbolic fixed point B = B(F) ∈ S, the lifts c1, c2 of the curves
γ(1), γ(2) starting from B intersect transversally at exactly one point, and c1 and c2 are
included by ε-neighborhood of the line at infinity.
We shall postpone the proof of this lemma till the end of this section. Now let us
deduce Theorem 1 from this lemma. First, we obtain many handles on different leaves.
Corollary 3. For each 0 ≤ g ≤ dimM0−6, there exists an analytic submanifold Mg ⊂M0
of codimension at most g such that the leaves of each F ∈Mg possess g handles (possibly
on different leaves of F) with hyperbolic generating cycles (c1, c2), (c3, c4), . . . , (c2g−1, c2g).
The generators of different handles do not intersect (even if they are located in the same
leaf), and c2j−1 transversally intersects c2j at a point Bj ∈ S.
Proof. Let us prove the assertion by induction. For g = 0, we just take M0. Suppose
that we already have Mg, g ≤ dimM0 − 7. Then dimMg ≥ 7. Using Lemma 6, we get a
submanifold Mg+1 ⊂Mg of codimension 1 such that each F ∈Mg+1 possesses a handle
generated by (c2g+1, c2g+2) which is closer to L∞ than all the loops guaranteed by Mg.
Hence, Mg+1 satisfies the assertion of this corollary. This completes the proof.
Proof of Theorem 1 modulo Lemma 6. Let us apply the previous corollary to
g = (n + 1)(n + 2)
2
− 4.
This is possible since for n ≥ 2 we have
g = (n + 1)(n + 2)
2
− 4 ≤ (n + 1)(n + 2) − 10 ≤ dimM0 − 6.
Note that the cycles c2j−1 and c2j correspond to hyperbolic fixed points of the germs
of monodromy maps Mc2j−1 ,Mc2j ∶ (S,Bj) → (S,Bj). Hence they survive under a
small perturbation. The submanifold Mg ⊂ M0 is defined by g equations of the form
“Hyperbolic fixed points of Mc2i−1 and Mc2i coincide”.
Let M˜0 ⊂ U , M˜0 ⊃ M0 be the submanifold defined by µ1 = const, µ2 = const. It is
easy to see that dimM˜0 = (n+1)(n+2)−3 and Mg extends to a submanifold M˜g ⊂ M˜0
given by the same g equations. Thus M˜g has codimension g in M˜0,
14
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dimM˜g = dimM˜0 − g = (n + 1)(n + 2)
2
+ 1 = (g − 1) + 6
The leaves of the foliations from M˜g also have at least g handles (possibly these
handles are on the different leaves). Indeed, after a small perturbation of a foliationF ∈ Mg inside M˜g, all cycles cj survive and still intersect transversally at the points
Bj = Bj(F).
Now, let us apply Theorem 6 (g − 1) times to the monodromy maps M1,M2 and the
points B1,B2, . . . ,Bg; we obtain a 6-dimensional submanifold Mˆ ⊂ M˜0 such that for
each F ∈ Mˆ all points Bj are located in the same leaf, thus all generating cycles cj are
located in the same leaf.
Remark 6. The natural question is, whether the analogue of Theorem 1 holds true in
some open subset in Bn. This question is open. Here are some arguments towards its
solution.
Consider a small neighborhood of An in Bn+1. The maps Mj survive in this neigh-
borhood, though they do not preserve the origin anymore. The same equations used to
define Mˆ still define a submanifold in Bn+1 such that each foliation from this submanifold
possesses a leaf with at least
(n+1)(n+2)
2 − 4 handles.
We can repeat this construction for every Mˆ produced by the proof of Theorem 1,
and obtain countably many submanifolds of Bn+1. If the union of these submanifolds is
dense in a neighborhood of An in Bn+1, then the result generalizes to Bn+1; however we
do not know whether this statement holds true.
Now let us prove Lemma 6.
Proof of Lemma 6. As in Theorem 6, let us choose a linearizing chart zF of M3 analyti-
cally depending on F . We will use this coordinate a few times, though most computations
will be done in the (u, v)-coordinates.
Construction of the first cycle. Due to Lemma 1, there exist k, l and m such that
M−k1 Mm2 Mk+l1 M2 has a hyperbolic fixed point B(F) near the origin. We require some
additional conditions on B(F). More precisely, we proceed in three steps. First we
choose a domain U ⊂ S, O ∉ U , for B(F) sufficiently close to O, so that
∣M2(B(F))∣ > ∣B(F)∣ > ∣M1(B(F))∣. (6)
Then we shrink this domain so that in the chart zF we have
∣M′1(B(F))∣ ≠ ∣M1(B(F))B(F) ∣ . (7)
This is possible since M1 does not commute with M3, see proof of Lemma 1. Finally,
we apply Lemma 1 choosing k, l, m so large that
∣Mk+l1 (M2(B(F)))∣ < ∣B(F)∣. (8)
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Let γ(1) be the representative of the class [γ2γk+l1 γm2 γ−k1 ] ∈ pi1(L∞) shown in Fig. 1.
Let c1 be the lifting of γ
(1) starting at B(F). Since B(F) is a hyperbolic fixed point
of the monodromy along γ(1), c1 is a hyperbolic limit cycle. Clearly, c1 survives under
a small perturbation.
Construction of the second cycle. Fix a foliation F˜ ∈M, and apply Theorem 6 to M,F˜ , the points A(F) = M1(B(F)) and B(F) = B(F), and the maps M3 and M1. Due
to this theorem, there exist i ∈ {1, . . . , n + 1}, p ∈ N, q ∈ {0,1}, r ∈ N, s ∈ N, t ∈ N such
that the equality
(M−s3 ○M−t1 ○Mr+s3 ○Mqi ○Mp3 ○M1) (B(F)) = B(F)
defines a codimension one submanifold in some neighborhood U , F˜ ∈ U ⊂M. Let γ(2)
be the representative of [γ1γp3γqi γr+s3 γ−t1 γ−s3 ] shown in Fig. 2, let c2 be the corresponding
limit cycle.
The cycles c1 and c2 are constructed. Let us prove that for p, r, s large enough they
satisfy the assertions of Lemma 6.
Intersection of the cycles. First, let us prove that for p and s large enough, c1 ∩ c2 ={B(F) }. Since γ(1) and γ(2) are the projections of c1 and c2 to the line at infinity, c1
can intersect c2 only above the intersection points of γ
(1) and γ(2). Let Pj be the points
of c2 that project to P
′
j , j = 1, . . . ,6 (see Fig. 2). We shall deal separately with arcs
P6BP4, P4P5 and P5P6 of c2.
Arc P6BP4 (solid line): The arc P
′
6OP
′
4 of γ
(2) intersects γ(1) in {O,P ′1, P ′2, P ′3 }, hence
we need to prove that none of P1, P2 and P3 belongs to c1. If P1 ∈ c1, then B
is a fixed point of the monodromy map along the union of two arcs, OP ′1 on γ(1)
and P ′1O on γ(2). Thus (Mk+l1 ○M2)(B) = B, which contradicts (8). Analogously,
for P2 we get M
−k
1 (B) = B, but B belongs to the domain of the linearizing chart of
M1, so this is also impossible. For P3 we get M2(B) = B, which contradicts (6).
Arc P4P5 (dotted line): Note that for large p the arc P4P5 is much closer to L∞ than
c1, hence this arc is disjoint with c1. Indeed, the v-coordinate of P4 is O(∣µ3∣p) as
p→∞. As we move along γi, the v-coordinate is multiplied by a bounded number.
Then, as we make r+s turns around a3, we come even closer to the line at infinity.
Therefore, P4P5 is O(∣µ3∣p)-close to L∞. Recall that p can be chosen arbitrarily
large after the choice of c1, hence we can choose it so large that all points of P4P5
are much closer to L∞ than all points of c1, in particular P4P5 does not intersect
c1.
Arc P5P6 (dashed line): Similarly, going from B along the arc OP
′
6P
′
5 ⊂ γ(2) in the
opposite direction, we can see that all points of P5P6 are O(∣µ3∣s)-close to L∞.
Since s can be chosen arbitrarily large after we fix all other numbers, this part
of c2 can be made much closer to L∞ than all points of c1, hence it does not
intersect c1.
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a1 a2
O
P ′1
P ′2
P ′3
γ2γk+l1
γm2γ−k1
Figure 1: First cycle for k = 2, l = 3, m = 6.
a1 a2
O
P ′1
P ′2
P ′3
a3 ai
P ′4
P ′5
P ′6
γ1
γp3
γiγr+s3
γ−t1
γ−s3
Figure 2: Second cycle for p = 2, q = 1, r = 1, s = 2, t = 5
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Therefore, B(F) is the only intersection point of c1 and c2. Note that this intersection
is transverse, because the projections of c1 and c2 to L∞ intersect transversally.
Hyperbolicity of the cycles. Now let us prove that for sufficiently large numbers in The-
orem 6, c2 is a hyperbolic cycle. Indeed, due to Theorem 6, the derivative M
′
γ(2)(B(F))
can be made arbitrarily close to M˜′1(B(F˜)) B(F˜)M˜1(B(F˜)) . Here the former expression does
not depend on the choice of coordinates, and the latter one is evaluated in zF˜ . Due
to (7), this ratio does not belong to the unit circle, hence one can choose α and β in
Theorem 6 so that c2 is a hyperbolic cycle.
This completes the proof of the lemma, hence the proof of Theorem 1.
4. Leaves of infinite genus
In this section we shall prove Theorem 3.
Consider the map F2 ∶ C2 → C2 given by (x, y) ↦ (z,w) = (x, y2). The image ofF ∈ Asymn under this map is a well-defined polynomial foliation. More precisely, let p
and q be polynomials such that P (x, y) = yp(x, y2) and Q(x, y) = 12q(x, y2). Though the
image of the vector field (1) under F2 is not well-defined, it is defined up to the sign
change. The additional time change dτ = y dt yields a well-defined foliation z˙ = p(z,w),
w˙ = q(z,w) which we denote by (F2)∗F
It is easy to check that F2 sends the leaves of F to the leaves of (F2)∗F if we remove
the points { (x,0) ∣ q(x,0) = 0} both from domain and codomain. Moreover, for each leaf
L of F , the map F2∣L is a branched double covering with branch points at L ∩ { y = 0}.
The following lemma explicitly describes the open and dense subset of Asymn (or Bsymn+1 )
that satisfies the assertion of Theorem 3.
Lemma 7. Consider a foliation F ∈ Asymn such that
• F has no rational first integral;
• (F2)∗F has no singular points on the projective line {w = 0} ⊂ CP 2.
Then F has finitely many (possibly zero) algebraic leaves, and all other leaves have
infinite genus.
Remark 7. We can also take the saturation of the set constructed above by the orbits of
affine group. This adds 3 to the dimension, but this saturation will be a more complicated
object than an open dense subset of a linear subspace.
Proof. Since F has no rational first integral, Theorem 7 implies that all but a finite
number of leaves are non-algebraic. Let L be a non-algebraic leaf of F . Due to Lemma 5,
F2(L) intersects {w = 0} in infinitely many points. Since q vanishes in at most finite
number of these points, L intersects { y = 0} in infinitely many points as well.
Recall that the restriction F2∣L ∶ L→ F2(L) is a ramified double covering with branch
points at L∩ { y = 0}. Hence the covering F2∣L has countably many ramification points.
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O
Pc1
c2
Di
Figure 3: Two cycles whose preimages under F2 generate a handle.
Consider a closed disk D ⊂ F2(L) that contains 2N +1 ramification points, none of them
in ∂D. Then ∂D lifts to a circle, hence F−12 (D) is a disc with g handles, g ∈ Z+. Due to
Riemann–Hurwitz formula2,
1 − 2g = χ(F −12 (D)) = 2χ(D) − 2N − 1 = 1 − 2N.
Thus g = N . Finally, L has infinite genus.
Remark 8. The last step can be done in a more intuitive manner. Consider infinitely
many pairwise disjoint discs Di, each contains three ramification points. For each disc
consider two loops c1, c2 shown in Fig. 3. Since there are exactly two ramification points
inside each cycle c1, c2, the monodromy along ci does not swap the branches of F2. Let
c˜1 and c˜2 be the lifts of c1, c2 starting at the same preimage of O. The cycle going from
O to P along c1, then back to O along c2 has only one ramification point inside, hence
c˜1 does not meed c˜2 in F
−1
2 (P ). Therefore, c˜1 and c˜2 generate a handle.
Since Bn ⊂ An, this lemma is applicable to foliations F ∈ Bsymn as well.
Now let us deduce Theorem 3 from the above lemma.
Proof of Theorem 3. It is sufficient to prove that for n ≥ 2 the subset of Asymn (resp.,Bsymn+1 ) defined by the additional assumptions from Lemma 7 is open and dense in the
ambient projective space.
Let us prove that a generic foliation F ∈ Asymn or F ∈ Bsymn+1 has no rational first integral.
Note that a complex hyperbolic singular point is not locally integrable, hence a foliation
with a complex hyperbolic singular point cannot have a rational first integral. Since a
2For historical reasons, Riemann–Hurwitz Formula deals only with branched coverings of closed sur-
faces, though the proof is literally the same for surfaces with borders.
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complex hyperbolic singular point survives under small perturbations, it is sufficient to
prove that the set of foliations from Asymn (resp., Bsymn+1 ) having a complex hyperbolic
singular point is dense in the ambient space.
Consider a foliation F0 from Asymn or Bsymn+1 , n ≥ 2. Let (x0, y0) be one of its singular
points with y0 ≠ 0. Let A0 = (a bc d) be its linearization matrix at (x0, y0). Consider the
two-parametric perturbation Fε,δ of F0, ε, δ ∈ (C,0), given by
x˙ = P0(x, y) + y(x − x0)ε;
y˙ = Q0(x, y) + (y2 − y20)δ,
It is easy to see that the perturbed foliation belongs to the same class (Asymn or Bsymn+1 )
and has a singularity at the same point (x0, y0). The linearization matrix of Fε,δ at(x0, y0) is Aε,δ = (a + y0ε bc d + 2y0δ). Clearly,
trAε,δ − trA0 = y0(ε + 2δ);
detAε,δ − detA0 = y0(εd + 2δa + 2y0εδ).
It is easy to see that we can achieve any small perturbation of the trace and deter-
minant of the linearization matrix. Therefore, we can achieve any small perturbation
of the eigenvalues. In particular, after some perturbation the singular point at (x0, y0)
becomes complex hyperbolic.
The line w = 0 contains no singular points of (F2)∗F for a generic F since
• (p∣{w=0}, q∣{w=0}) may be any pair of polynomials of degrees degF − 1 and degF ,
respectively, hence for a generic F they have no common roots;
• (F2)∗F has a singularity at the intersection point of {w = 0} and the line at infinity
if and only if deg q∣{w=0} < degF , and this is false for a generic F .
Remark 9. The arguments above do not work for Asym1 and Bsym2 because generic folia-
tions from these spaces have rational first integrals. Indeed, a generic foliation from the
former space is affine equivalent to a foliation of the form
x˙ = y;
y˙ = ax,
which has the first integral y2 −ax2. A generic foliation from Bsym2 is affine equivalent
to a foliation of the form
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x˙ = xy;
y˙ = x + y2 + a,
which has the first integral
(x+a)2−ay2
x2
.
A. Proof of Ilyashenko’s Theorem
In this Section we shall prove the following theorem.
Theorem 8. For n ≥ 2, let Ahn ⊂ An be the space of foliations given by homogeneous
polynomials P and Q. For a foliation F from some open dense subset of Ahn, all its
leaves except for a finite set have infinite genus.
This theorem was proved by Yu. Ilyashenko many years ago, and he communicated
this proof to various people orally. As far as we know, the proof was never published by
him or anyone else.
Proof. Take a homogeneous foliation F . Note that the polynomials P˜ and Q˜ in (3) do
not depend on u, hence in the chart (u, v) = ( 1x , yx) our foliation F is given by
u˙ = uP˜ (v)
v˙ = h(v)
Clearly, the monodromy group at infinity is generated by linear maps Mj ∶ u↦ µju.
Fix a cross-section S given by v = const and a point p ∈ S ∖L∞. Let us find a handle
passing through p.
The monodromy maps along loops [γ2, γ1] = γ2γ1γ−12 γ−11 and [γ3, γ−12 ] = γ3γ−12 γ−13 γ2
are identity maps, hence the lifts c1 and c2 of these loops starting at p are closed loops.
Note that these loops intersect only at p. Indeed, if c1 and c2 intersect above one of
7 other intersection points of [γ2, γ1] and [γ3, γ−12 ], then p is a fixed point of one of the
maps M3, M2, M
−1
2 ○M3, M−12 ○M−11 ○M3, M1 ○M2, M−11 ○M3, M1, respectively. In
a generic case, all these maps are linear non-identical, thus they have no fixed points
except zero.
Thus c1 and c2 intersect transversally at one point, so we have found a handle passing
through p.
Consider a leaf L of F which is not a separatrix v = aj of a singular point of F at the
line at infinity. In a generic case (say, if ∣µj ∣ ≠ 1 for some j), L intersects S arbitrarily
close to L∞. Since each intersection point produces a handle, L has infinite genus. Hence
any leaf except separatrices at aj has infinite genus.
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O 1 2
3
4
567
Figure 4: Cycles c1 (dashed) and c2
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